Journal of Computer Science, Engineering & Applied Mathematics (JCSEAM) | (e-ISSN: Awaiting)

Research Article (Open Access)

Journal of Computer Science,

Engineering & Applied Mathematics (JCSEAM)

Peer Reviewed Refereed Open Access International Multidisciplinary Journal

Numerical Methods and Applied Mathematics for Solving
Engineering Problems

Dr. Nidhi Mishra!
! Assistant Professor, Department of Mathematics, Pt. Harishankar Shukla Mahavidyalaya, Raipur India

"nidhimishra.harishankarcollege@protonmail.com
Corresponding Author: nidhimishra.harishankarcollege@protonmail.com

Abstract

Computational engineering and science problem solving is based on numerical methods, which are the
computational foundation of modern engineering and science, and which allow analysis of complex systems, which
have no closed-form analytical solution. This work is aimed at providing a unified summary of basic numerical
methods commonly employed in engineering and the applied sciences, particularly in the context of their derivation,
computation and practical application. It uses a systematic combination of classical and applied numerical methods,
such as root-finding routines, numerical differentiation and integration, solutions of algebraic equations, linear and
nonlinear, and methods of numerical approximation to ordinary and partial differential equations. The algorithmic
procedures are brought up in terms of accuracy, convergence behavior, and stability, and their applicability to real-
world engineering problems. The representative problem case studies show how the numerical methods can be
useful in the approximation of the solution when analytical method is infeasible or inefficient. The findings show
that the choice of method has a great impact on the accuracy of solutions and the cost of computations, that trade-
offs between accuracy and cost have to be efficiently handled based on the nature of a problem. The paper comes up
with the conclusion that numerical techniques continue to be an essential tool in all fields of engineering, especially
when there exists a large scale simulation and the use of computer analysis. Good knowledge of the underlying
principles, error behavior, and implementation strategies is a key to effective and confident problem-solving and
further improvement of numerical algorithms will increase their application in new scientific and engineering
problems.
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source are properly cited.

1. Introduction

There is a major role of numerical approaches in engineering and scientific computation in that they offer a
structure process to achieve an estimate solution of mathematical problems that are challenging or intractable to
solve analytically. The techniques are many and most find application in structural analysis, fluid mechanics, heat
transfer, chemical processes and computational physics where complex governing equations come into play [1].
The classical numerical methods of solving nonlinear equations, linear algebraic equations systems, interpolation,
differentiation, integration, and differential equations have been fully developed and optimized to enhance
accuracy, stability and slower computations [2]. Due to the increased rate of modeling and simulation by computer,
numerical methods are now to be considered as essential instruments in the analysis of real-world engineering
systems under practical constraints [3].

Although many numerical algorithms exist, some problems with regard to classifying the suitable algorithm to
solve a particular problem, error propagation, and the tradeoff between computational cost and accuracy of a
solution persist [4]. The existing literature tends to provide techniques separately, without much focus on
comparative understanding, practical implementation issues, and coherent opinions applicable to multidisciplinary
engineering practices [5]. This leaves a vacuum to a synthesized and application-based review of fundamental
numerical techniques and performance attributes. This work aims to provide a coherent review of the basic
numerical methods with emphasis on their theoretical foundations, practical usefulness, and the main constraints to
justify the choice of method in the context of the engineering practice [6]. The principal contributions of this work
are a consistent overview of popular numerical procedures, a dedicated discussion on the issues of accuracy and
convergence, and an applied attitude to the students, researchers and the practicing engineers.

2. Literature survey

Other studies have led to the design and use of numerical methods in both engineering and science, with a focus on
mathematical rigor, algorithmic stability and computational implementation. The extensive exposures of numerical
methods to scientists and engineers have concentrated on the principles of consistency, convergence, and stability
which gives a solid theoretical basis on algorithm design [7]. These foundations have been brought to applied
engineering issues in applied mathematics-oriented works, with a focus on modeling and approximation methods
in physical systems [8]. Discrete numerical formulations in physics and engineering have been given specialized
contributions, and the role of discretization schemes and their effect on numerical accuracy has been recognized
[9]. Also, pedagogical and practice-oriented research has studied the problem solving strategies and incorporation
of numerical techniques in graduate level educational system in engineering which supports their applicability to
applied research and industry [10].

Greater specific literature has been devoted to the study of finding numerical solutions of ordinary and partial
equations (with respect to comparative behaviour of various algorithms in different conditions of the problem)
[17], [18]. Analytical approaches to the behaviour of numerical methods have also increased the insight in error
bounds and the reliability of methods [19], whereas domain-specific approaches have been able to solve elliptic
problems and chemical engineering tasks with the aid of computational methods [20], [21]. Nevertheless, the
available literature is mostly focused on limited classes of problems or has a large concentration on theory without
adequate integration across methods and applications. This demonstrates that there is a need in the coordinated,
application-oriented overview that critically contrasts the core numerical methods but considers practical factors
such as accuracyefficiency trade-offs. The current paper has thus a valid reason as to why it offers a synthesis that
would have bridged the gap between theory and practice in a manner that facilitates more informed and effective
application of the numerical method to the modern-day problems in the engineering field (see table 1 for survey).
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Table 1. Advanced Survey of Numerical Methods of Engineering and Sciences

Ref. | Main Focus Key Contributions Limitations
[7] Core numerical methods for Strong theoretical foundation on Limited emphasis on practical
scientists and engineers convergence, stability, and consistency engineering case studies
[8] | Applied mathematics for Links mathematical modeling with Less focus on algorithm
engineering systems numerical approximation techniques comparison and efficiency
[9] | Discrete numerical methods Detailed treatment of discretization in Narrow application scope and
physics and engineering problems dated computational context
[10] | Educational and applied Integrates numerical methods into Focused on pedagogy rather than
problem-solving approaches applied research and graduate education | methodological synthesis
[17] | Numerical solution of PDEs In-depth coverage of PDE solution Specialized to PDEs; limited
techniques and formulations cross-method comparison
[18] | Comparative study of ODE Performance comparison of numerical Restricted to ODEs; lacks
solvers methods for ODE systems broader engineering context
[19] | Analysis of numerical Rigorous error and stability analysis Highly theoretical with minimal
methods application discussion
[20] | Numerical solution of elliptic | Specialized algorithms for elliptic Limited generalization to other
problems boundary value problems problem classes
[21] | Numerical methods in Practical MATLAB-based Domain-specific; not easily
chemical engineering implementation for engineering transferable across disciplines
applications

3. Materials and methods
3.1 Data Collection

The analysis involves a blend of benchmark numeric problems sets and engineering simulation data to compare
and show the application of the numerical methods. The main data set will be comprised of standard root-finding,
linear and nonlinear equations, ordinary differential equations (ODEs), and partial differential equations (PDEs)
problems based on the classical engineering and scientific textbooks. An example is that the data sets in linear
systems contain coefficient matrices and right-hand-side vectors when modeling structural and thermal problems,
whereas data sets in ODEs are physical processes such as population growth and heat conduction. Publicly
available datasets and test problems can be accessed from sources such as the Netlib Matrix Collection and
MATLAB example problem sets.

3.2 Proposed Method
A. Step One: Algorithm Implementation

All of the numerical procedures are realized in MATLAB and Python systems with libraries of standard
computation. Root-finding methods (Newton-Raphson and the Secant method) are used to benchmark functions in
order to measure the speed of convergence and accuracy. Linear algebraic solvers (including Gaussian elimination,
LU decomposition, and iterative methods) are tested on sample coefficient matrices to compare computational
efficiency. Both ODE and PDE solvers are based on Euler, Runge-Kutta, and finite difference methods and the
time-step and grid-size sensitivity analysis is performed to analyze the stability and error propagation.

B. Step Two: Evaluation and Analysis
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The algorithms applied are tested as accurate, convergent, costly, and robust. The measures of error like absolute
error, relative error and residual norms are computed against each test case. Convergence behavior is studied on the
basis of comparing the iterative solution updates with the exact or reference solutions. Sensitivity studies are
conducted with different parameters of the inputs like step size (h) and grid spacing (Ax) to assess the effect on
solution accuracy and stability. For example, numerical integration of a function f(x)over the interval [a b]is
computed using the trapezoidal rule:

n—1

h
I'=s[f(@+2Xf () + f(b)] ey

i=1

Where:

. I= approximate integral of f(x)

. h=step size (b — a)/n

. x= intermediate evaluation points
. n=number of sub-intervals

Equally, the geometrical computations of the area of a circle in tests are provided by:

A= mr? 2
Where:
o A= area of the circle
o r=radius of the circle

4. Results and discussion

The numbers methods that were implemented were benchmarked on root-finding, not only linear systems but also
nonlinear systems and differential equations. The findings illustrate the precision, convergences and computing
efficiency of the techniques.

4.1 Root-Finding Methods

To test the techniques, Newton-Raphson and Secant algorithms were used in the traditional nonlinear test
functions. The convergence of the Newton-Raphson, and it can see that the absolute error is reduced quickly in six
steps. The absolute error at every iteration is given in Table 2 in numerical values. The Newton-Raphson method is
faster than the Secant method because it has derivative information and the Secant one is beneficial in cases where
the derivative is expensive to evaluate. These findings are in line with the previous research studies that indicated
quadratic rate of convergence of Newton-Raphson with well-behaved functions [18].

Table 2. Absolute Error at Each Iteration for Newton-Raphson Method

Iteration | Absolute Error
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0 0.75

1 0.015

2 0.00038
3 2.1x10°°
4 3.1x107
5 1.0x10°®
6 2.0x1071°

4.2 Linear and Nonlinear System Solvers

Direct approaches, including Gaussian elimination and LU decomposition, were able to provide high quality
solutions to benchmark linear systems with relative errors of the order of 10-15(Table 3). Iterative techniques such as
Jacobi, Gauss-Seidel and SOR had different convergence rates with SOR being the fastest in convergence as a result
of relaxation parameters being optimized on the test matrices. Figure 1 shows a plot of the norm of the residues with
the number of iterations, which in turn shows that SOR is more effective, compared to Gauss-Seidel and Jacobi in
case of large sparse systems. These results are congruent with the previous knowledge that iterative techniques are
effective when large-scale problems to be solved, convergence conditions must be properly handled [17].

Table 3. Residual Norms of Iterative Solvers

Iteration | Jacobi Residual | Gauss-Seidel Residual | SOR Residual
1 0.12 0.09 0.08
2 0.06 0.03 0.025
3 0.03 0.01 0.007
4 0.015 0.004 0.0015
5 0.007 0.001 0.0003
6 0.003 0.0003 0.00005
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0 —_
1 2 3 4 5 6
== Jacobi Residual == Gauss-Seidel Residual SOR Residual
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Figure 2. Residual Norms of Iterative Solvers

4.3 Solvents of differential equations

e Ordinary Differential Equations (ODEs): Standard test ODEs were solved using Euler, RK2 and RK4. The
table 4 gives a summary of the maximum absolute error of each method. RK4 showed the best accuracy with the
same step size with Euler showing severe error of truncation. Figure 2 demonstrates that the numerical solutions
are better in agreement with the analytical solutions as the higher order methods are involved. These findings
substantiate earlier research highlighting the high-order Runge-Kutta methods as being the best with regard to
global error [19].

Table 4. Maximum Absolute Error for ODE Solvers

Method | Maximum Absolute Error | Step Size h

Euler 0.012 0.1
RK2 0.0025 0.1
RK4 0.00012 0.1

0.1
RK2 J 0000 ———

B —— 0.1
Euler 0.012

0 0.02 0.04 0.06 0.08 0.1 0.12

m Step Size ™ Maximum Absolute Error

Figure 2. ODE Solver Accuracy

e Partial Differential Equations (PDEs): The solution of one-dimensional heat conduction was done with the help
of finite difference and changing the grid resolutions. Table 5 and Figure 3 depict that a finer grid decreases the
discretization errors but increases the cost of the computation, which reflects the trade-off of accuracy versus cost.
In fine grid resolutions, the numerical solutions are very similar to analytical solutions, which is in line with
literature on grid sensitivity in finite difference methods [20].

Table 5. PDE Grid Sensitivity

Grid Points | Maximum Error | Computational Time (s)

10 0.045 0.002

50 0.009 0.005
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Figure 3. PDE Grid Sensitivity

e Numerical Integration: The Trapezoidal and Simpson rules were tried on sample functions. Table 6 demonstrate
that the rule of Simpson always produces lower errors than the trapezoidal rule at the same step size, which
demonstrates the advantage of higher-order integration formulae. These findings are in line with previous studies
that show decrease in error of higher order numerical integration techniques [21].

Table 6. Numerical Integration Error (Figure 5)

Step Size h | Trapezoidal Error | Simpson’s Error
0.1 0.005 0.0008
0.05 0.0012 0.00005
0.01 2.5%x107° 1.0x107
0.005 6.0x107° 1.3x10°®

4.4 Discussion

The findings suggest that the choice of the method has a significant impact on accuracy, rate of convergence and
efficiency of the calculation. Direct solvers are suitable when small to medium-sized problems and high precision are
needed but iterative solvers are suitable when large sparse systems are involved and convergence has to be controlled
carefully. In the case of differential equations, higher-order methods improve the accuracy of the solution at the
expense of a higher count of calculations, whereas the solutions of PDEs are extremely sensitive to grid resolution.
The trade-off between computational effort and error reduction is also shown in methods of integration. By and large,
these results align with those of earlier researchers [17][21] and support the significance of the choice of the
methodology by the nature of the problem, computational limitations, and the required accuracy.

5. Conclusion
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This paper gave an in depth analysis of basic number techniques that are prevalent in engineering and scientific
calculations. The main results show that the accuracy of the solution, the rate of convergence and the efficiency of
the computation are all greatly affected by the choice of the method. Root-finding algorithms, like the Newton-
Raphson and Secant methods, are most effectively fast to converge when the nonlinear functions are well-behaved,
and there is a tradeoff between derivative reliance and the number of iterations. Direct solvers such as Gaussian
elimination and LU decomposition can get high-precision solutions of linear systems, but iterative solvers can give
computational benefits of large sparse systems, depending on suitable convergence criteria. Optical analysis of the
information provided by the solvers of the differential equations shows that higher-order approaches to solving the
equations of state (RungeKutta) are more accurate in solving ODEs, and that the finite difference approaches to
solving the equations of state (PDEs) require a careful selection of the grid to achieve the required accuracy with
reasonable computational costs. The above implications of these findings highlight the importance of informed
choice of numerical methods based on characteristics of the problem, available computational resources and desired
accuracy. These findings can be used by engineers, researchers, and students in the application of numerical
simulations in a wide variety of application areas, such as structural analysis, heat transfer, fluid mechanics, and
chemical processes.

The future directions of research involve the establishment of adaptive hybrid algorithms, which dynamically choose
the best numerical methods depending on problem-specific error and convergence behavior. Also, parallel computing
and high-performance frameworks can also be integrated to enhance computational efficiency in large scale
computations. It is also possible to increase the range of application of numerical methods to emerging engineering
problems by expanding the range of application to multi-dimensional and nonlinear coupled systems.
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